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Total Variation in Imaging

Φ
Linear inverse problem

y = Φx0 + w

x? ∈ Argmin
x∈Rn

1

2
||y − Φx ||22 + –J(x)

Total Variation regularization

data fidelity regularity of the edges
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J(x) =
X

i ;j

q
(@→x)2i ;j + (@↑x)2i ;j

(@→x)i ;j = |xi ;j − xi+1;j |

(@↑x)i ;j = |xi ;j − xi ;j+1|

isotropic

anisotropic
J(x) =

X

i ;j

(@→x)i ;j + (@↑x)i ;j



Total Variation in Imaging

Φ
Linear inverse problem

y = Φx0 + w

x? ∈ Argmin
x∈Rn

1

2
||y − Φx ||22 + –J(x)

Total Variation regularization

This talk : How to compute this optimization problem
(and some related problems)



Forward—Backward Method

Forward-backward

{
Proximity operator

no closed formula
for TV

Row/Column splitting [Condat 2013]

Augmented method [Chambolle-Pock 2011]

x? ∈ Argmin
x∈Rn

1

2
||y − Φx ||22 + –J(x)

x (k+1) = Prox–J(x
(k) − ‚∇F (x (k)))

Prox–J(x) = argmin
z∈Rn

1

2
||x − z ||22 + –J(z)



An Alternative Total Variation

J(x) =
X

i ;j

(@→x)i ;j + (@↑x)i ;j

[Condat 2013]
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An Alternative Total Variation

TV4
i ;j(x) =

q
(@→x)2i ;j + (@↑x)2i ;j + (@←x)2i ;j + (@↓x)2i ;j

J(x) =
X

i ;j

TV4
2i ;2j(x) +

X

i ;j

TV4
2i+1;2j+1(x)

Γ continuous TV



An Alternative Total Variation

J(x) = TVe(x) + TVo(x)



An Alternative Total Variation

J(x) = TVe(x) + TVo(x)
shared by two “squares"



Dual Problem

Prox–J(x) = argmin
z∈Rn

1

2–
||x − z ||22 + J(z)

= argmin
z∈Rn

1

2–
||x − z ||22 + TVe(x) + TVo(x)

min
‰e ;‰o

||Do;∗‰o +De;∗‰e − x ||22 + f (‰e) + g(‰o)

adjoint of the “odd" part 
of the finite difference

indicator of the inf-unit ball 
restricted to even coordinates



General Setting

min
x;y

||Ax + By ||22 + f (x) + g(y)

f ; g two proper lsc convex functions (possibily strongly convex)

A;B two linear operators

We will also need:
M;P two positive symmetric operators

K;L two integers (> 1)



Alternating Minimization
For n > 0

xn+1
0 = xnK

For k = 0; : : : ; K − 1

xn+1
k+1 = argmin

x
f (x) +

1

2
||Ax + Byn||22 +

1

2
||x − xn+1

k ||2M

xn+1 =
1

K

KX

k=1

xn+1
k

yn+1
0 = yn

L

For l = 0; : : : ; L− 1

yn+1
l+1 = argmin

y
g(y) +

1

2
||Axn+1 + By ||22 +

1

2
||y − yn+1

l ||2P

yn+1 =
1

L

LX

l=1

yn+1
l



Proposed Scheme
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Convergence Rates

Naive algorithm

“FISTA”
acceleration

“FISTA”-
acceleration

w/ strongly convex
linear rate

O(1=N)

O(1=N2)



Comment on Strongly Convex Case

TV4
i ;j(x) =

q
(@→x)2i ;j + (@↑x)2i ;j + (@←x)2i ;j + (@↓x)2i ;j

not smooth

TV4;"
i ;j (x) =

(
TV4

i ;j(x)− " if TV4
i ;j(x) > 2"

1
4"

`
TV4

i ;j(x)
´2

otherwise

strongly convex “Huber" version of TV



Performance

FISTA AAMM AADM AAMM-inexact

𝜀 1 3 5 1 3 5

0 #iter 495 146 273 169 153 1654 271 130

t (ms) 681 232 251 228 281 1115 320 204

0.1 #iter 142 57 89 62 59 513 100 58

t (ms) 203 91 89 91 108 333 130 104

1.0 #iter 69 27 57 31 28 174 44 29

t (ms) 101 40 62 50 57 127 54 43



Going on GPGPU (AAMM)
@Xeon E5-2670 / Tesla K20m (linux 3.12, CUDA 5.5)

(ms) 2562 5122 10242 20482 40962 81922

1.0 0.4 0.5 0.9 2.3 7.9 79

5.0 1.8 2.6 4.3 13 63 379

10.0 3.9 5.7 11 39 170 892

20.0 9.3 12 24 92 406 1961

dimension of the problem

pa
ra

m
et

er

2D

3D

181 x 217 x 181
35 ms
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