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Graphs and Invariants



Graphs

Graph G = (V,E) Adjacency matrix
0 1 (0] 0O 0 O
T 1 011l 1 0 O
A=l0 4 a0 1 1€ 0.1
\/ 0 0 |0] 1 0 O
unordered 0 0 O 1 0 O sparse

brain connectivity mesh protein virtual network
[Varoquaux et al. ’12] [Turk-Levoy '96] [Sverrisson et al. '21] [Lyon ’09]



Tasks In machine learning on graphs

Graph classification Node regression Link prediction
vertex UV
% / useful map
\ not
useful
supervised learning

Node classification

and more!

—— neuron involved
—» neuron not involved




Tasks In machine learning en-graphe-?

Z.
/

Your favorite
ML model

something
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We need to have “some” invariance!



(In/Equi)variance

Group action variance

grOUp\ /—SGt f(g . X) _ f()()
GxX — X
(g, x) > g-x QZSO(Q),X:RZ,,C:H,H

lro(x)|l = IIx|]

Equivariance
fg-x) =g f(x)

G=GC,X=R" G =G,X=R" f(x)=argmin x;

/

f(o - x) = o(argmin x;)
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Deep Neural Networks
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DNN: Multilayer Perceptron
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DNN: Convolutional Neural Network (CNN)
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Convolutional layer
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DNN: Graph Neural Network?
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Graph Neural Network

The Fourier Way



Convolution

CO“VOIUtion (1D continuous)

g h)(0)= [ glt=oh(r)de
S|gnaI3 Qﬂlter Ioca!

averaging
/

Convolution is shift-equivariant

(T, -g)xh=T,-(g=*h)
/ =

\

Traditional signal processing: fixed e.g. wavelts)
ML: learned

shift operator




Convolution on a graph

convolution?
shift-equivariant?




Convolution and Fourier

CO"VOIUtion (1D continuous)

g h)(0)= [ glt=oh(r)de
S|gnaI3 Qﬂlter Ioca!

averaging

Convolution is product in Fourier
Flg = hl =Fg]F |h|

Flglw) = [ glt)e2ma

= (&, exp—Ziﬂw>L2(|R)




Fourier on graphs

Eigenfunctions of the Laplacian

on the torus\
> f = eXP_2/rw

—Af = Af ¢

(Torus) Laplacian A = }; :—XZ_Q

(Graph) Laplacian L: (z, Lz) = >}, ;(x; — X;)?

degree matrix / ‘\/ adjacency matrix

D = diag(d,)

Normalized Laplacian

L —1d-D 2AD2
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Four
Normal

Fz=U'"z
Inverse Fourier transform
e — Ug

7

Diagonalization
[
Fourier transform




Filtering on graphs

Normalised Laplacian
L=1d-DzAD 2

Diagonalization —
| = UAU"' Costly in practice @

Fourier transform

Fz=U'"z
Inverse Fourier transform
F 19 = Ue

Polynomial filters

Zxh= Z,BmLm Z

[Hammond et al. 2011]
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(Spectral) Graph Neural Network ...... oo

(k) __Propagate - (k+1) Normalized Laplacian
signal over nodes / | — D—%AD—%
(k+1) _ (k)
Zj — P (Zi (L)Z,' )
P
non-linearity & (L) — LT
2.
output
/ \
node classification graph classification
S-equivariant S-Invariant

node-signal ®5(z) = z(K)6 pooling ®5(z) =n~' 3, ®g(2),



Large (Random) Graphs




Graph isomorphism

S5
2




Random graph models

Latent position models I' = (P, W, )

1.0
X; ~ P € Rd ajj ~ Ber(anW(X,',Xj)) c {0,1} Z; = f(X,')
unknown " connectivity node
latent variables . kernel features
Sparsity”
a, ~ 1 dense
relatively
a, ~ (logn)/n
» ~ (logn)/ sparse
a,~1/n sparse

[Chung&Lu '04, Lovasz ’12]




Discrete === vs &=————=(Continuous

Graph Neural Network Continuous Graph Neural Network
g U POPAGEE | (k) £ (6) propagate , £ (k1)
signal over nodes functions over latent space
1
Zj(-k+1) = p (Zi (L)Zfld) fj('k+ ) = P (Zi (L)ffk))
Pa X
( (L)y= ) BmlL" J

| | Laplacian operator
Normalized Laplacian

| — D 2AD"2 Lf_/\/d x)dP(x)
output output
S-equivariant GL-equivariant
node-signal ®5(z) = z\K)@ function ®y, p(f) = 67 FK)
S-invariant GL-invariant

pooling ®(z) = n™" ¥, ®6(2); vector By p(f) = [ ®w.p(f)(x)dP(x)



Non-asymptotic convergence of GNN

Theorem (Continuous limit of GNNs towards c-GNNSs) KBV 20}

In the relatively sparse regime a, < 237

d(®g(z), Or(f)) < dn~ V2 + (a,n)~1/?

, with overwhelming probability,

S-Invariant:

S-equivariant:

1074 -

same limit,
different rate of convergence




Stability to deformation

Theorem (Deformation of a random graph model). KBV *20)

For translation-invariant kernels, if
e W is replaced by W(x — 7(x), x’ — 7(x"))
e Pis replaced by (Id — 7)#P
e fisreplaced by f o (Id — 1)

Then, the deviation of the cGNN is bounded by V7|




Conclusion

GNNs ¥ Random graphs = large-scale properties

Not covered today:
— Universality ——
— Role of node features

Perspectives:

— Message passing cGNNs

— Sparse case

— Optimization/Generalization properties
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Abstract

We study properties of Graph Convolutional Networks (GCNs) by analyzing their
behavior on standard models of random graphs, where nodes are represented by
random latent variables and edges are drawn according to a similarity kernel. This
allows us to overcome the difficulties of dealing with discrete notions such as
isomorphisms on very large graphs, by considering instead more natural geometric
aspects. We first study the convergence of GCNSs to their continuous counterpart
as the number of nodes grows. Our results are fully non-asymptotic and are valid
for relatively sparse graphs with an average degree that grows logarithmically with
the number of nodes. We then analyze the stability of GCNs to small deformations
of the random graph model. In contrast to previous studies of stability in discrete
settings, our continuous setup allows us to provide more intuitive deformation-
based metrics for understanding stability, which have proven useful for explaining
the success of convolutional representations on Euclidean domains.
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arxXiv 2006.01868
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Abstract

We study the approximation power of Graph Neural Networks (GNNs) on latent
position random graphs. In the large graph limit, GNNs are known to converge to
certain “continuous” models known as c-GNNs, which directly enables a study of
their approximation power on random graph models. In the absence of input node
features however, just as GNNs are limited by the Weisfeiler-Lehman isomorphism
test, c-GNNs will be severely limited on simple random graph models. For instance,
they will fail to distinguish the communities of a well-separated Stochastic Block
Model (SBM) with constant degree function. Thus, we consider recently proposed
architectures that augment GNNs with unique node identifiers, referred to as
Structural GNNs here (SGNNs). We study the convergence of SGNNs to their
continuous counterpart (c-SGNNs) in the large random graph limit, under new
conditions on the node identifiers. We then show that c-SGNNss are strictly more
powerful than c-GNNs in the continuous limit, and prove their universality on
several random graph models of interest, including most SBMs and a large class
of random geometric graphs. Our results cover both permutation-invariant and
permutation-equivariant architectures.
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