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Graphs and Invariants



Graphs
Graph

<latexit sha1_base64="wo2oxpTF9DoTh+IG5vTQ0p8yL20="></latexit>

G = (V , E )

unordered

brain connectivity

[Varoquaux et al. ’12]

protein

[Sverrisson et al. ’21]

mesh

[Turk-Levoy ’96]

virtual network

[Lyon ’05]

Adjacency matrix
<latexit sha1_base64="OU3CEHRfbPof9SnRyXRP06qqbb4="></latexit>

A =

!""""
#

� � � � � �
� � � � � �
� � � � � �
� � � � � �
� � � � � �
� � � � � �

$%%%%
&
∈ {�, �}n×n

sparse



Graph classification

useful

not

useful

Tasks in machine learning on graphs

Node classification

neuron involved
neuron not involved

Node regression
vertex UV


map

Community detection

supervised learning
(un/semi)supervised 

learning

Link prediction

and more!



Tasks in machine learning on graphs ?

Your favorite

ML model something



Tasks in machine learning on graphs ?
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We need to have “some” invariance!



(In/Equi)variance
Group action

<latexit sha1_base64="JBbSl8SbpJoWbI4JBWGQ48rQo6c="></latexit>G × X → X
(g , x) ↦→ g · x

group set

<latexit sha1_base64="ajP8U4hrAr3fZ+Ncbt1ffQATc2U="></latexit>

G = Sn ,X = !n
<latexit sha1_base64="fZnkfI1RiRmjkyM0L5xIGTv3tT8="></latexit>

(σ, x) ↦→
!""
#

xσ(�)
...

xσ(n)

$%%
&

<latexit sha1_base64="TxinbJGR9cnpk3NNfPHlt9eqB+A="></latexit>

G = :6(�),X = !�

<latexit sha1_base64="jsZU+71KgNkoARlF9SQx+ugWuw8="></latexit>rθ

Invariance
<latexit sha1_base64="qh7MgHxDhHl8P7LbK0xLjEko6pw="></latexit>

f (g · x) = f (x)

<latexit sha1_base64="8tD6/r6RYUhlX//Kh1cBw15Kuc0="></latexit>

G = :6(�),X = !�, f = ‖ · ‖
<latexit sha1_base64="QmjiEq44JzPyy7lRqOOL6r6B3ZU="></latexit>

‖rθ(x)‖ = ‖x ‖

Equivariance
<latexit sha1_base64="sydebuxaupXANRGGSCt0qMKHTKo="></latexit>

f (g · x) = g · f (x)
could be


another action

<latexit sha1_base64="HueEZ125ms7L6y9vDBqWKS4whn8="></latexit>

G = Sn ,X = !n , f (x) = HYNTPU
i

xi

<latexit sha1_base64="2vP46BjK5uHUvRQYrgquV2k7QKg="></latexit>

f (σ · x) = σ(HYNTPU
i

xi )



Your favorite

(in/equi)variant


ML model?



Deep Neural Networks
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DNN: Multilayer Perceptron
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DNN: Convolutional Neural Network (CNN)
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DNN: Graph Neural Network?

maybe

a


lion

ReLU ReLU
…

Input Output

? ?



Graph Neural Network 

The Fourier Way



Convolution
Convolution (1D continuous)

signal filter local

averaging

<latexit sha1_base64="ancGc8vMtZAqC+xNb/y3ENIpaPE="></latexit>

(g ∗ h)(t ) =
∫
!
g (t − τ)h(τ)dτ

<latexit sha1_base64="uf+HOMP4LrJ18gMwoyvqUMUoijU="></latexit>∗

<latexit sha1_base64="KDdWC0HIHxeGNGWPEpwaVFGypt4="></latexit>g

<latexit sha1_base64="eN381nbTCjw/Iz6b2Ot3nJpv0f4="></latexit>

h

Convolution is shift-equivariant
<latexit sha1_base64="DEz2p6k0LHRIIqrS8bOsCJDArG4="></latexit>

(Tv · g ) ∗ h = Tv · (g ∗ h)

shift operator

<latexit sha1_base64="uf+HOMP4LrJ18gMwoyvqUMUoijU="></latexit>∗
<latexit sha1_base64="eN381nbTCjw/Iz6b2Ot3nJpv0f4="></latexit>

h

<latexit sha1_base64="9uO78edn4Cb7nhzJeowRZpzHJIQ="></latexit>

Tv

<latexit sha1_base64="tg8m/GHcL9D1icYeeEe4eoniqFE="></latexit>

Tv · g

<latexit sha1_base64="VciLyjUy9YaXgHLEArsVi7leArw="></latexit>

g ∗ h

<latexit sha1_base64="9uO78edn4Cb7nhzJeowRZpzHJIQ="></latexit>

Tv

<latexit sha1_base64="ghkeDvs4/SCKYJAdqwN85Dz27xc="></latexit>

(Tv · g ) ⇤ h
=Tv · (g ⇤ h)

Traditional signal processing: fixed (e.g., wavelets)


ML: learned



Convolution on a graph

<latexit sha1_base64="uf+HOMP4LrJ18gMwoyvqUMUoijU="></latexit>∗ <latexit sha1_base64="uf+HOMP4LrJ18gMwoyvqUMUoijU="></latexit>∗

<latexit sha1_base64="9uO78edn4Cb7nhzJeowRZpzHJIQ="></latexit>

Tv

<latexit sha1_base64="9uO78edn4Cb7nhzJeowRZpzHJIQ="></latexit>

Tv

<latexit sha1_base64="KDdWC0HIHxeGNGWPEpwaVFGypt4="></latexit>g

<latexit sha1_base64="eN381nbTCjw/Iz6b2Ot3nJpv0f4="></latexit>

h
<latexit sha1_base64="eN381nbTCjw/Iz6b2Ot3nJpv0f4="></latexit>

h

<latexit sha1_base64="tg8m/GHcL9D1icYeeEe4eoniqFE="></latexit>

Tv · g

<latexit sha1_base64="VciLyjUy9YaXgHLEArsVi7leArw="></latexit>

g ∗ h

?

? ???

<latexit sha1_base64="eN381nbTCjw/Iz6b2Ot3nJpv0f4="></latexit>

h

convolution? 
shift-equivariant?



Convolution and Fourier
Convolution (1D continuous)

signal filter local

averaging

<latexit sha1_base64="ancGc8vMtZAqC+xNb/y3ENIpaPE="></latexit>

(g ∗ h)(t ) =
∫
!
g (t − τ)h(τ)dτ

<latexit sha1_base64="uf+HOMP4LrJ18gMwoyvqUMUoijU="></latexit>∗

<latexit sha1_base64="KDdWC0HIHxeGNGWPEpwaVFGypt4="></latexit>g

<latexit sha1_base64="eN381nbTCjw/Iz6b2Ot3nJpv0f4="></latexit>

h

Convolution is product in Fourier

<latexit sha1_base64="VciLyjUy9YaXgHLEArsVi7leArw="></latexit>

g ∗ h

<latexit sha1_base64="1e9J87Rh9dfpF7GEZpElvoPmuXA="></latexit>

F [g ∗ h] = F [g ]F [h]

<latexit sha1_base64="hJgkRuthFxfi1fRwlrLiz0iRGL8="></latexit>

F [g ⇤ h]
=F [g ]F [h]

<latexit sha1_base64="gOfTYpE2QChSReyR4YZbhg0Sazw="></latexit>

F [g ]

<latexit sha1_base64="sWSxi2VN5wSjpmOWxYxcei8AWa8="></latexit>⇥

<latexit sha1_base64="W2LDfde/wfPLg18MyPPCkS9v2ZE="></latexit>

F [h]

<latexit sha1_base64="W0NiG9rBZ4c/HVttfopVNxKazGQ="></latexit>F

<latexit sha1_base64="W0NiG9rBZ4c/HVttfopVNxKazGQ="></latexit>F

<latexit sha1_base64="xAk9KScBMWm1VNqwoHdbvN3hQx8="></latexit>

F ��

<latexit sha1_base64="FNJHoH+pvmHK0UdG+M0ugDqGd6w="></latexit>

F [g ](!) =

π
g (t )e��i⇡!tKt

= hg , L_W��i⇡!iL�(“)



Fourier on graphs
Eigenfunctions of the Laplacian

<latexit sha1_base64="J/Ql6zZpLNIJaILjvYvSRxyoOrU="></latexit>

−∆f = λf
VU [OL [VY\Z⇐========⇒ f = L_W−�iπω

<latexit sha1_base64="5LV3+2HsXTdWAoTSYIvz00LjR+E="></latexit>

�;VY\Z� 3HWSHJPHU � =
Õ

i
@�

@x�
i

Normalized Laplacian
<latexit sha1_base64="nGVwma9MhSoovsptEAo0FvqROD0="></latexit>

L = 0K − D− �
�AD− �

�

<latexit sha1_base64="/ovbk2SRnAWU0SKRjlkvMeOhIfE=">AABGaXictVxbd9y2EUbSW6xeYrcvPe0LG8mt3eOoknxPjs+JrHuytmTrYideW+XuUiva3ItJriR7u3nsn+mv6WPbX5DTP9HBDECAXJIANql5JGGx+GYGA2AwMwDdGkZhki4t/euDD3/045/89GcfXZr7+S9++auPL1/59VEyGMXt4LA9iAbx85afBFHYDw7TMI2C58M48HutKHjWerPGv392FsRJOOgfpO+Gwcue3+2HJ2HbT6 </latexit>

�.YHWO� 3HWSHJPHU L! hz , Lz i = Õ
i⇠j (xi � xj )�

<latexit sha1_base64="+XSkTmRygj4Wt9FB7NNdntA8Hoo="></latexit>

L = D − A
adjacency matrix

<latexit sha1_base64="k3WvXlKRs1a0COa71a0c3MWJAME="></latexit>

D = KPHN(di )
degree matrix

<latexit sha1_base64="OW6DRZ3hRQSfI5XAdVieXc9wjeM="></latexit>

A =
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Fourier on graphs
Normalised Laplacian

<latexit sha1_base64="nGVwma9MhSoovsptEAo0FvqROD0="></latexit>

L = 0K − D− �
�AD− �

�

Fourier transform
<latexit sha1_base64="49hI7zmhlVhQSaqS0LxuRz/bnBM="></latexit>

F z = U!z

Inverse Fourier transform
<latexit sha1_base64="bxpRR4DYQAAMuqKBp5ssfkV6pwA="></latexit>

F −�θ = Uθ

Diagonalization
<latexit sha1_base64="O7OOUu55/aOMUIgIIfflUqGOKTc="></latexit>

L = UΛU!



Filtering on graphs                                  [Hammond et al. 2011]

Normalised Laplacian
<latexit sha1_base64="nGVwma9MhSoovsptEAo0FvqROD0="></latexit>

L = 0K − D− �
�AD− �

�

Diagonalization
<latexit sha1_base64="O7OOUu55/aOMUIgIIfflUqGOKTc="></latexit>

L = UΛU!

Fourier transform
<latexit sha1_base64="49hI7zmhlVhQSaqS0LxuRz/bnBM="></latexit>

F z = U!z

Inverse Fourier transform
<latexit sha1_base64="bxpRR4DYQAAMuqKBp5ssfkV6pwA="></latexit>

F −�θ = Uθ

<latexit sha1_base64="ZKnxqfQIeOXV7AfJcXTc8zissjM="></latexit>

F −�

<latexit sha1_base64="yujX9TTGRN/E8HEUTb+jJ72Axpw="></latexit>F

Costly in practice 😥

<latexit sha1_base64="Q4Uh/AwR/Ey2aKHxRt1CUbSSMGc="></latexit>×h
<latexit sha1_base64="wieOWDdjHIBVwZrPpdHbLaVyHoU="></latexit>z

<latexit sha1_base64="IQ12XtgfAyRT7gnZw384Fx0QpAo="></latexit>

z ∗ h

<latexit sha1_base64="biZ5aw6UDTRUY/aGNVZhb87LM5k="></latexit>

z ∗ h =

(∑
m

βmL
m

)
z

Polynomial filters
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<latexit sha1_base64="OtzFFo7SSK6Mjyef3d8JfdCwxDQ="></latexit>

z j
(k ) WYVWHNH[L−−−−−−−−−−−−−−→

ZPNUHS V]LY UVKLZ
z j

(k+�)

<latexit sha1_base64="UU2geiF5hQ/VcqoLNKlqbCNaEkU="></latexit>

z
(k+�)
j = ρ

(
Σi h

(k )
i j (L)z (k )

i

)

non-linearity

e.g. ReLU

<latexit sha1_base64="B97gGecoDQsIzfvTmfI0Pq/eSVQ="></latexit>

L = D− �
�AD− �

�

Normalized Laplacian

<latexit sha1_base64="uhqcLh4iMtUB5uhMYyW2UpmXP50="></latexit>

h(L) =
∑
m

βmL
mTrained polynomial filter

(Spectral) Graph Neural Network   [Henaff et al. ’15, Defferrard et al. ’16]

<latexit sha1_base64="XGn/y+QJD/ub0q1up/rEUdvA7/Q="></latexit>

NYHWO JSHZZPÄJH[PVU
S�PU]HYPHU[
WVVSPUN �̄G (z ) = n��

Õ
i �G (z )i

could include

bias term

output
<latexit sha1_base64="1DGgFAMfetJ2QGt/sMEqiNhHE7s="></latexit>

UVKL JSHZZPÄJH[PVU
S�LX\P]HYPHU[
UVKL�ZPNUHS �G (z ) = z (K )✓

last (linear) layer of the GNN



Large (Random) Graphs



Graph isomorphism

<latexit sha1_base64="eX3A6SoOGgN8OdVe7szvXIOJr9g="></latexit>≡
?

WEISFEILER—LEHMAN test

<latexit sha1_base64="eX3A6SoOGgN8OdVe7szvXIOJr9g="></latexit>≡
?

<latexit sha1_base64="GwG+x1lg8NzkNFptkiiYSHNrJr0="></latexit>

Sn



<latexit sha1_base64="n9zs5w0eIz+imPoTfCxtYo9X7Gs="></latexit>

ai j ∼ )LY(αnW (xi , xj )) ∈ {�, �}

Random graph models
Latent position models

<latexit sha1_base64="mhskVGGgoCN9A8N4NTbsgs9unO8="></latexit>

xi
P�P�K∼ P ∈ !d <latexit sha1_base64="bT4IEcn714scSGvEF7WC2NGgeHQ="></latexit>

zi = f (xi )
unknown


latent variables
connectivity


kernel
optional node


features

Sparsity
<latexit sha1_base64="GcleOehiIlmqBn/g1z7UXlpSBR8="></latexit>

αn ∼ �

<latexit sha1_base64="5kvI6Lb1Obt5HXUeepyFcFIE030="></latexit>

αn ∼ �/n

<latexit sha1_base64="JmRWhyYVtANi1bl/GxDL37okrPQ="></latexit>

αn ∼ (SVN n)/n relatively 
sparse
sparse

dense

<latexit sha1_base64="a8NDltnPvjSKDa+TpW8ZQ3Oqst4="></latexit>

Γ = (P ,W , f )

<latexit sha1_base64="cmKmBNxBuXbUtEOOriCseegTgN0="></latexit>

P = U([�, �]�) W (x , x ′) = L_W(−‖x − x ′‖�) f (x) = ‖x ‖

<latexit sha1_base64="4raZl+y3Hi5U2UBGn4NyyGUUgfY="></latexit>αn

Example: Uniform + Gaussian + Norm

ex: 

- Stochastic Block Model

- Epsilon graph 

[Chung&Lu ’04, Lovasz ’12]



<latexit sha1_base64="WVsF+d+3VGQo4pTT7NsF+csY8X8=">AABGznictVzrdty2EYbSW6zenPZn/7CR3No5tqr7pTk+tax7LFuydbESraxyd6kVY+7FJFeyvd30X0+fpW/UR8hbdDADECSXJIBNah5JIIhvZjAABjMD0vVe4Efx7Ox/Jz75yU9/9vNffHpn8pe/+vVvfnv3s9+dRt1+2PBOGt2gG57V3cgL/I53Evtx4J31Qs9t1wPvdf3tBn/++sYLI7/bOY4/9LyLttvq+Fd+w42h6vLuf2 </latexit>

S�PU]HYPHU[
WVVSPUN �̄G (z ) = n��

Õ
i �G (z )i

<latexit sha1_base64="uhqcLh4iMtUB5uhMYyW2UpmXP50="></latexit>

h(L) =
∑
m

βmL
m

Discrete Continuousvs
Graph Neural Network

<latexit sha1_base64="OtzFFo7SSK6Mjyef3d8JfdCwxDQ="></latexit>

z j
(k ) WYVWHNH[L−−−−−−−−−−−−−−→

ZPNUHS V]LY UVKLZ
z j

(k+�)

<latexit sha1_base64="UU2geiF5hQ/VcqoLNKlqbCNaEkU="></latexit>

z
(k+�)
j = ρ

(
Σi h

(k )
i j (L)z (k )

i

)

non-linearity Trained polynomial filter

<latexit sha1_base64="B97gGecoDQsIzfvTmfI0Pq/eSVQ="></latexit>

L = D− �
�AD− �

�

Normalized Laplacian

Continuous Graph Neural Network

<latexit sha1_base64="F/MNE7usTpYvidlTdaVxEs9onvY="></latexit>

f
(k+�)
j = ρ

(
Σi h

(k )
i j (L)f (k )

i

)
<latexit sha1_base64="eA6snuLRjMRIdNZ2kY9xKhnNiXk="></latexit>

f j
(k ) WYVWHNH[L−−−−−−−−−−−−−−−−−−−−−→

M\UJ[PVUZ V]LY SH[LU[ ZWHJL
f j

(k+�)

output

<latexit sha1_base64="AN5Qj/UBzOLTi4OYHdfemX28Hs8="></latexit>

Lf =

∫
W (·, x)√
d (·)d (x)

f (x)dP (x)

Laplacian operator
literature


[von Luxburg et al. '04]

[Rosasco et al ’11]

[Lei—Rinaldo ’15]


[KV ’22]

…

<latexit sha1_base64="BkPG/Au86R5tRJsoFsIfTRQV/DM="></latexit>

.3�LX\P]HYPHU[
M\UJ[PVU �W ,P (f ) = ✓>f (K )

output

<latexit sha1_base64="5tv6bDyrEI77JqUD4ZjwFJGOCJE="></latexit>

.3�PU]HYPHU[
]LJ[VY �̄W ,P (f ) =

Ø
�W ,P (f )(x)KP (x)

<latexit sha1_base64="ORkvsIVameIQQf/ffXiRqc7LU1s=">AABGw3ictVzrdty2EYbSpo3Vm9P+7B82klu7tVVprZub43Mi62bFsiVbFzvRyip3l1oxorhrkivZ3m5+9jX6XH2EvEUHMwBBckkC2KTmkYTF4psZDIDBzAB0qx/4cTI//9+pT372809/8cvPbk3/6te/+e3vbn/+++O4N4ja3lG7F/SiNy039gI/9I4SPwm8N/3Ic69agfe6dbnOv3997UWx3wsPkw997/TK7Yb+ud92E6g6u/ </latexit>

S�LX\P]HYPHU[
UVKL�ZPNUHS �G (z ) = z (K )✓



Non-asymptotic convergence of GNN
Theorem (Continuous limit of GNNs towards c-GNNs)                                [KBV ’20]

<latexit sha1_base64="FS2DcaXERc4oI0V8YWoJjUCUTxo="></latexit>

0U [OL YLSH[P]LS` ZWHYZL YLNPTL ↵n .
SVN n
n � ^P[O V]LY^OLSTPUN WYVIHIPSP[ �̀

<latexit sha1_base64="Se/8hSHo+jTQMPRViR9ZYS/zSXU="></latexit>

d (ΦG (z ),ΦΓ(f )) ! dn−�/� + (αnn)
−�/�

<latexit sha1_base64="9/+wD8w3Y+6BmIgVJP9Mi50idwk="></latexit>

S�PU]HYPHU[! d (�G (z ),��(f )) = k�G (z ) � ��(f )k

S�LX\P]HYPHU[! d (�G (z ),��(f )) =

 
�
n

’
i

k�G (z )i � ��(f )(xi )k�
!�/�

same limit,

different rate of convergence



Stability to deformation
Theorem (Deformation of a random graph model).                                      [KBV ’20]

For translation-invariant kernels, if
<latexit sha1_base64="bFlfzuqzuf4Z97lT85ixocn89c0="></latexit>

•W PZ YLWSHJLK I`W (x � ⌧(x), x 0 � ⌧(x 0))
<latexit sha1_base64="+AOibElZP1dXM8usEOZ1vUrqkVA="></latexit>

• P PZ YLWSHJLK I` (0K � ⌧)]P
<latexit sha1_base64="JgyamFHKbHNeh53coKZMatw2yw4="></latexit>

• f PZ YLWSHJLK I` f � (0K � ⌧)
<latexit sha1_base64="jG7R16JbsxNTmapPuTaALF3S8VA="></latexit>

;OLU� [OL KL]PH[PVU VM [OL J.55 PZ IV\UKLK I` ||+⌧ ||1

<latexit sha1_base64="VzONaInA1Mpzg6gINA47bYHT4A0="></latexit>

(0K − τ)!P



Conclusion

KBV, NeurIPS 2021

arXiv 2105.13099

KBV, NeurIPS 2020

arXiv 2006.01868

Not covered today: 
— Universality

— Role of node features

Perspectives: 
— Message passing cGNNs

— Sparse case

— Optimization/Generalization properties

GNNs ❤ Random graphs = large-scale properties


